815.2 Iterated Integrals
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Theorem : (Fubini’s Theorem)
If f iscontinuouson D(F "8 ;X &) then

[[teoyda= [ txy)dyax= [ [ (x,y)xdy.
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Remark :

(i). Infact,f = a3 | M » = BHHAEELE 2 & 4 -

(ii). Clairaut’s Theorem :
When the order of partial differentiation does not matter?

Fubini’s Theorem :
When the order of iterated integrals does not matter?
Example 1 :

Find ”ysin(xy)dA, R =[1,2]x[0, 7].

Solution :

[[ysin(xy)da="[ *ysin(xy)dxdy
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Example 2 :
[[(x-3y* oA, R=[0,2]x[12].
R
Solution :
2
-[I.ZJ‘OZ(X_3y2)dey = J‘lz(%xz _3y2Xj = J‘lz(z_6y2by =_12
0

J-ozj.lz(x —3y2)dydx _ J-OZ(Xy B ysx dx = 12,

Example 3 :
X*+y*+2=16
Find the volume enclose by );: )
The coordinate planes
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Solution :
BIE : z=16—x? —y?
gL 1 [0,2]%[0,2]

2 2 160
Vv =J'O J'O (16— x? —yz)dxdyz?.

Example 4 :
Find the volume of the solid in the first octant bounded by the cylinder

z =9 —y?and the plane x = 2.
Solution :

Example 5 :
If fiscontinuous on[a,b]x[c,d]and g(x,y) :LXJ'Cyf(s,t)dtds for

a<x<b,c<y<dProvethatg, =g, = f(x,y).

Proof.
FTC y FTC
g, = [ fixtdt=g, = f(xy).
Fubini X
g(xy) = jy(j f(s,t)ds)dt

c a

FTC .y FTC
=49, = Lf(s,y)ds:>gyX = f(xy).
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