814.8 Lagrange Multipliers

* Problem :
Maximize or Minimize functions f (x, y ) or f (X, y, z) under certain constraints.
cases 1 2 3
objective function f(xy) f(xy,2) f(xy,2)
9(x,y,2) =k
constraints g(x,y)=k g(x,y,z) =k and
h(x,y,z) =k

*x Lagrange Multipliers : %} it i* 48— B > 2

JERES
(). BEA L dus 3
f (% ) level curve or level surface {v
g (7 =)= level curve or level surface 4p=*r.

(i1). Level curve of f L Vf.

fy) =1

fx,y)=1
fxy)=1

(i) + (i) = VF I/ Vg.

234 ¢ Extrema occur when
(. Vf =Avg for some A (cases land 2).
(. vf =Avg+ uVhfor some A, u (case 3).
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Example 1 :

A rectangular box without a lid is to be made from 12m? of cardboard. Find

the maximum volume of such box.
Solution :
(Method I)

f(Xx,y,2)=xyz

constraint g : g(Xx,y,z) =2Xy +2yz + xz

Vi =(yz,xz,xy)
Vg

(2y+12,2x+22,2y+1)
{yz =2y +2)

Vi 11y

= <Xz =A(2x+22)

Xy =A(2y +X)

#2),(3)  ~ (1)
= 4y® +4y* +4y* =12

=>y=1
=X=2,2=2
=V =4
(Method I1)
1
E: 2Xy +2YyZ + Xz 2(4x2y222)5
3 3
= 64> 4x*y*z?
= 4> xyz

= Maximum volume = 4.

1)

Fo2d A 88 of ki



Example 2 :
f(x,y)=x>+2y%,g(x,y)=x>+y* =1.
Solution :
(Method I)

3.fe > i
= f(x,y)=x*+2y> =1+y? (-1<y<1).
= fendx B =2; fens ] B =1.

(Method I1)

v =(2x,4y),Vg =(2x,2y)
X = AX
:{ = x=00ry=0.
2y = Ay
= (0,£1) and (+£1,0)
=max f=2min f =1.

Example 3 :
. X—y+z=1(1)
f(X,Y,2) = x+2y+3z.Constraints::
x> +y2=1(2)
Solution :
(Method I)

f(x,y,z)gx+2y+3(1—x+ y)=-2x+5y+3
By & # & ;¢

= (x2+ yZX(—Z)2 +52)2(—2x+5y)2

— /29 > —2x+5y > —+/29
:@2—2x+5y+32—@+3

max min
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(Method I1)

\%i :<112!3> 1=ﬂ,+2ﬂx
Vg=(1-11) =:2=-A+2uy
Vh=(2x,2y,0) (3=4

2uX=-2 —
:>{ H :5:?2 (since i #0)

2uy=5 Yy
. F2 +5
Sincex?+y? =1= x=—"F= y=—">
! 297 "2
.
=>7=1+—
J29

= max = 3++/29, min = 3—+/29.
Example 4 :

x* +y® +z% = 4.Find max or min of

(x=3)* +(y—1)* +(z +1)*. Where those extreme occur?

Solution :
(Method I)

min =+/11—2 occurs at[

=

| (B Ne)]
ﬁmﬁ
ﬁ
|_\
|
RN =
3 &1
N—
QD
o
o

max = \/_+ 2 occurs at [
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Example 5 :
f(X,y,2)=X+y+z
14_14_1:1
X y z

Solution :

([xf +(yf + (2 )){(%} {%} {%H > (1+1+1)° =9

= (x+ y+z{1+£+£j:(x+ y+12)>9
Xy z

= min=09.
Example 6 :

f(x,y,2)=x*+2y? +2z°

X+y+z=1 (1)
X—y+2z=2 (2)
Solution :
(Method 1)
(112)x(1-1.2) = (3-1-2)
X+y=1
Letz=0= y szi’y:_l_
X—y=2 2 2
=DM (2)2- 2 > F25 %
x:§+$
2
1
=——-—t, teR. 3
y=-5-t te 3)
z=0-2t

BB~ f I e 27 FARE.

(Method I1) Lagrange Multipliers



Example 7 :
The plane x +y + 2z = 2 intersects the paraboloid z = x* + y? in an ellipse.
Find the points on this ellipse that are nearest to and farthest from the

origin.
Solution :
f(x,y,2)=x*+y*+2°
Max or Min{x+y+2z=2 h

z=x*+y? g
Vh=(11,2),vg =(2x,2y,~1),Vf =(2x,2y,27)
= Vf = 4{11.2)+ u(2x,2y,~1)

=>X=Y
:x:ior—l
2

= Two points to check are G%%) and (-1,-1,2).

f(l,l,lji & f(-1-12)=6.
2'2'2) 2 & 2978

nearest

farthest

Example 8 :
Find the maximum of f (X, y, z) = Xy + y° on the intersection of y —x = 0
and X2 +y? + 2 = 4.

Example 9 :
What is the highest point on the plane curve that is given by the intersection
of x+y+z=0,x*+y*+7°=1

Example 10 :
Find the volume of the largest rectangular box in the first octant with three
faces in the coordinate planes and one vertex in the plane x + 2y + 3z = 9.
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