814.7 Maximum and Minimum Values

18 K Bk

|~ Bh (saddle point)

(Maximum in all directions) (Minimum in all directions) (One direction is a maximum
and another direction is a

minimum.)

1 weh(? ##99)
2. T HFHSH > S B local max = - B local min.
T 7 ¥ S B local max » - & local min.

* How to find such points?

(1) Find critical points :
(). f.(ab)="f (a,b)=0
(it). fyorfy does notexistat (a, b).

(2) 2" Derivative Tests :

Leta=f,(ab), B=f, (ab)=f,(ab)y=T, (ab)
Set D =‘“ 'B‘:ay—ﬂz.
By

(1. D>0,a>0 (ory>0)
= f(a,b) local minimum and (a,b) is a minimum point.

(i). D>0,a<0(or y <0)= f(a,b) local maximum.
(iii). D <0= (a,b)isasaddle point.
(iv). For any other cases, the test fails.
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Why?

(2)-(i)shie =

a>0= txfh= w(a,b, f(a,b))d s +.
D>0=H# @ #55 > By we b,

Proof.
u=(hk)
D, f(a,b) = f,h+ f,k.
DZf =D, (D, f)=(f h+f kh+(f h+f Kk
= f,h?+2f hk+f k2
=ah® + 280k + )k?

=a[h+ﬁj +k—2(a;/)—,82.
a a

If «>0,D>0=>DZf >0 forany direction u.
= Alldirectionsat (a,b, f (a,b))are concave up.
Example 1 :

f(x,y)=x"+y* —4xy +1.Find local max, min and saddle point.
Solution :

f, =4x’-4y=0
{fy =4y®—4x=0
= (0,0),(11), (—1,-1) are critical points.
fo=12x* f =—4 f =12y?
D(x,y) =144x*y* -16

D(0,0)=-16<0.
= (0,0) is a saddle point.

D11 =128>0, f, (11 =12>0.
= f(L1) =-1isa local min.

D(-1-1)=128>0, f,, (-1,-1) =12 >0.
= f(-1,-1) =-lisalsoa local min.
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Theorem :

f is continuous on a closed and bounded set D.
=(i) There exist absolute minimum and absolute maximum.

(if) Those extreme points occur at the critical points of f or the boundary of D.

Example 2 :

Find the saddle points of the function f (x, y) = x* +3xy® —3x* —3y* +4.

Example 3 :
Find the local maximum and minimum and saddle points of the function

f(x,y)=x*+y?-3xy+5

Example 4 :

f(X,y)=2x"+x+Yy?—-2,x*+y® <4.Find absolute extreme.
Solution :

f, =4x+1 1 0
=>x=-=,y=0.
f, =2y 4
1 2 2
(x,y) _Z’O X2 +yi=4
17 X2+ X+2
f(x,y) —-—
8 —-2<x<2
values —% 4,8,Z

max =8 occursat x =2,y =0.

min = Y occursat X = —i, y=0.
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Example :
f(x,y)=x*=2xy+2y on0<x<30<y<2
Find absolute max and min.

Solution :
f, =2x-2y Lv_1
f=—2x+2 YT
x=0 X=3 y= y=

(x,y) (1.1)

0<y<2 | 0<y<2 | 0<x<3 | 0<x<3
f(x,y) 1 2y 9-4y X2 (x—2)°
value 1 0,4 1,9 0,9 0,4

0 : absolute minimum.
9 : absolute maximum.

Example :
A box with open top with constraint :

ab+2bc+2ac=12

Find max volume.

C P
b
a
Solution :
ab+2t;c+2ac ZW
64 > 4a’b?c?
4> abc

Maximum volume = 4 when ab = 2bc = 2ac
>a=2,b=2c=1.

Example :
(Xx,Y,2)satisfies x+ 2y + 3z = 6. Find maxV = xyz.
Solution :

gz }/6xyz = xyz s%

Max V :%Whenx:2y:3z:>x:2,y:1,z:§.
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