814.6 Directional Derivatives and Gradient Vector
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Definition : i& 2:( Xo, Yo ), i & U = @ i A
u=(a,b),a’+b*=1

D, f (X ¥o) = |hmg f(OP+ hU)— f (OP)

h
_ i f (% +ha, o +hb)— (%, o)
h—0 h
=g'(0) , where g(h) = f(x, +ha, y, + hb)

Theorem :
D, f (X, Yo) = f, (%, Yo ). f, (X, ¥o)) # (@)
=af, (X,,Y,) +bf, (X, ¥o)
Proof.

Let g(h)= f(x,+ah,y,+bh)
Then Duf(XO’yO):gI(O)

g'(h)y=fa+fb
=9'(0) = f, (X5, Yo)a+ f,(Xy, Y,)b
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Remark :
If the direction derivative of f at ( Xo, Yo ) in any direction u, then f is not
necessary differentiable at ( Xo, Yo ).

* The gradient vector (# & = € ) of fat ( Xo, Yo)

Definition :

< fX(XOI yo)' fy (X0| y0)> = Vf
D, f (X)) =Vf eu
Example 1 :

f (x,y) = x* —3xy + 6y?. Find the directional derivativeof f at (1,2)
in the dirction of the vector<\/§ ,1>.

Solution :
V31
D, f(1,2) =(3x* —3y,—3x+12y),, o(—,=
,F(12)=(3x" -3y y>y_12-<2 ;
33421
—
Example 2 :

A(1,2),B(4,6),C(5,-1),D(6, 14). Let f be a function of two variable
that has continuous partial derivatives.

AB u, = AC u, = E.
A8 * |ac| " |aD
If D, (12) =1, D, (L2) =1 find D, (L2) ="

Letu, =

* Facts
1. D, f=Vfeu=fau= g 5
2. maxD,f =[Vf| whenu//Vf (same direction)

+Vfeu=Vf|u|cosd, |ul=1
= Vvf| if 6=0.

3. minD,f =—|Vf| whenu//Vf (opposite direction)
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(i). VI Llevelcurve.
(ii). Vf Lanycurveson thelevelsurface.

Proof.
(i). Consider I': f(x(t),y(t))=C.

(ii). Considerl": f(x,y,z)=C
Let f(x(t), y(t), z(t)) = C be any curve on the level surface T': f(x,y,z)=C.

Then Vf .(%,ﬂ,ﬂj:o
dt dt dt

Considersurface I': z= f(x,y). Letg(x,y,z)=f(x,y)—z=0
PIT ¥ 4 = g S #e— B Level surface. ¢t g S #cehgradient 2

Vg =<fx, fy,—1>.(f7w:t4: EE SEEN S TEEEED)

d (4.i) Vg 5 B8P (X0, Y0, 20)fr [ Ap27 T & ez v £

3 EARSR TR ) AR L G T o <



Example 3 :

2 2 2
Given a level surface: XT+yT+%:3' FiE(-2,1,-3)r EQEF 54

Y7t @ ARV

Solution :

tﬂﬁjﬁifﬁ<—l,2,—%>o<x+ 2,y-1,2+3)=0
:>—(x+2)+2(y—1)—§(z+3):0

Example 4 :

frz=x>+y? . e s ‘
2 2 2 j\—‘@( _11 11 2 )’f\:”_‘/ﬂ‘ R ‘g% md’ ﬁ#ﬁ el zEard ﬁ—% ii;\ .
g:4x°+y°+2°=9

Solution :
27 e B feVE Vg B
v =(2x,2y,-1)=(-22-1)
Vg =(8x,2y,22) = 2(- 4,1,2)
(-2,2,-1)x(-412)=(586)

Xx+1 y-1 z-2
- = = .
5 8 6
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