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§14.6 Directional Derivatives and Gradient Vector 

＊方向導數：過點( x0, y0 ), 方向的微分沿著 ,1,, 22  babau  

 

Definition：過點( x0, y0 ), 沿著 u 方向的微分 
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Remark： 

1. 0,1  ,  iDff ix  

2. 1,0  ,  jDff jy  

Theorem： 
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Proof. 
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Remark： 

 If the direction derivative of f at ( x0, y0 ) in any direction u, then f is not 

 necessary differentiable at ( x0, y0 ). 

＊The gradient vector (梯度向量) of f at ( x0, y0 ) 

Definition： 

 fyxfyxf yx :),(),,( 0000  

 ufyxfDu )( 00  

 Example 1： 

  
.1,3 vector  theofdirction  in the

 (1,2)at   of derivative ldirectiona  theFind .63),( 23 fyxyxyxf 
 

 Solution： 

  

.
2

2133

2

1
,

2

3
123,33)2,1(

2
1

2








y
xu yxyxfD

 

 Example 2： 

  A( 1, 2 ), B( 4, 6 ), C( 5, -1 ), D( 6, 14 ). Let f be a function of two variable 

  that has continuous partial derivatives. 
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＊Facts 

1. 方向的變化率在ufuffDu   

2. direction)  (same  //   when ||max fuffDu
u

  

.  if     ||               

1||  ,cos||||
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3. direction)  (opposite  //   when ||min fuffDu
u

  
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4.   

(i). curve. levelf  

(ii). surface. level on the curvesany f  

Proof. 

(i). Consider   .)(),( Ctytxf   
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(ii). Czyxf  ),,(:Consider  

  .),,(:  surface level on the curveany  be )(),(),(Let CzyxfCtztytxf 
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5. 0),(),,(Let   ).,(:  surfaceConsider  zyxfzyxgyxfz  

則Γ可當成 g 函數的一個 Level surface. 此 g 函數的 gradient 為

.1,,  yx ffg (即將二維函數看成三維函數的等高曲面). 

由(4. ii.) ▽g 為過點 P ( x0, y0, z0 )和Γ相切的平面的法向量. 
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 Example 3： 

  Given a level surface： .3
914

222


zyx

 求過( -2, 1, -3 )且與此等高面相

  切的切面方程式. 

 Solution： 
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切面方程式  

 Example 4： 
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求過( -1, 1, 2 )和其交集的曲線相切的切線方程式. 

 Solution： 
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切線的方向為

垂直此切線的方向和
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