814.5 The Chain Rule

% The Chain Rule

dz dx dy
z()=f(x@®),yt) =>—=f —+f —
(t) = F(x(t), y(®) i o g
dz dx dy dz
u)=f(x@),yt),zt)) =—=F1f —+f —+f —
(t) = £(x(t), y(t), z(t)) il e Ml P
Example 1 :
z="f(x,y)=x*>+xy+Yy? x=cost,y=sint.
Solution :

z=f(x,y)=x*+xy+y?
z =cos’t+costsint +sin?t
dz

= (2cost +sint)(—sint) + (cost + 2sint) cost

dx dy dx dy
=(2 - 2y)—2=f | — |+ f,|—=|
(X+y)dt+(><+ y)dt ( )+ y(dtj

dt

* Tree Diagram
z=(t,s) = f(x(t,s),y(t,s))

Py = 2cost(-sint) + (—sint)sint +costcost + 2sint cost
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* Implicit Differentiation
If f(x,y,z)=0andz=g(x,Y)
= (% y,9(x,y))=0

dy + f, a =0

dx OX

dy oz f,

Since—+=0=>—=--*%.
dx OX f,

= f,+f,

f
Similarlyg:——y.
oy f

z
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Example 2 :
u=x'y+y®z%, x=rse',y =rs’e™,z =r’ssint.

Finda—u :
08|77
t=0
Solution :
Z—u ,= 4x3y(re‘)+(x4 +2y22X23re‘t)+ 2y22(rzsint)
S |io
0
=128+64=192
Example 3 :

x* +y®+ 2% +6xyz =1, find o
OX
Solution :
3x° +3222+6yz+6xyg:0.
OX OX

oz —x*-2yz
ox  z%+2xy

Example 4 :
Let f has continuous 2™ — order partial derivatives.

2 2 2
X=r“+s° _ 0z
, find

z="1(xy), —-
(x.¥) {y:er or?

Solution :

%: f.2r+f 2s

r
a—zf: fo2r+f,2spPr+2f +(f,2r+f 2sPs
or

=4r*f, +8rsf +4s*f +2f,

(fxy = fyx)
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Example 5 :

PV =8.31T. Find %—Twhen T =300 K and is increasing at a rate of 0.1K/s,

and V = 100L and is increasing at a rate of 0.2L/s.

Solution :
P 8.31T _ 8.31x300 _24.93
V 100
OI—PV + Pd—v=8.31d—T 1)
dt dt dt
d—T =0.1, d—V =0.2,T =300,V =100,P =24.93
dt dt

dP
Aox ()3 F—.
RO EaR e

Example 6 :
=rcoséd
z=f(x, y),{x .
y=rsind
) . 0%z 0%z
i). Find —,—
® or?’ 06*

822+622_azz 10% loz

ii). Prove that = + = + -,
i ox* oy* or® r?o00* ror

Solution :
. oz .
(). —=f,cosd+f sing
or

0’z . A
57 (fXX cosd + f,, sin 9)(:059 + (fyX cos@d + f, sin H)SIn 0

= f,cos’§+2f sinfcosd+ f, sin’

%: f,(~rsin@)+ f,rcose
O It (“rsing)+ f [-rsi
P (= Tsin@)+ f rcoso-rsing)

+ f,(~rcos@)+ f, (- rsin 6)+[fyx(—rsin 0)+ fyyrcose]r cos 6.

=r’sin® &, —2r?cos@sin @ f , +r’ cos® &, —rcosdk, —rsin &,

(ii). = 9 (i)
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Example 7 :

Ifg (s, t)="F(s*—tt°—s?)and fis differentiable. Show that g satisfies

a—ngsa—g:O.
0s ot

Proof.

t

9 _ 2sf, —2sf,
0s

a9 _ —2tf + 2tf
ot Y
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