814.4 Tangent Planes and Linear Approximation

X 7 & AR 5\

[:z=f(x.y)
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A(X=X,)+B(Yy=Y,)+(2-25) =0 (1)

Let X = Xo, then

B(y—y,)+(z—2,)=0 % P g8Ffcd RC, :z2=f(X,y) 07 PE R> 425 T,

= (X, Yo) =T F =-B.

Similarly, f, (x,,Y,) =T,=& & =—A
* ovgh
(1). raaze g i
(A,B,1) =< £ (%: ¥o)s T, (X0 Yo)i1)
(ii). o > 425 5
2-2, = T,.(X, Yo )(X=X0) + £, (X5, Yo )Y = ¥o)

Example 1 :
z2=2x"+V.. $1i6 P(1,1,3)i0%7 5 = 4258,
Solution :
f.(x,y)=4x= f (L1)=4.
f,(x,y)=2y=f (L1)=2.
Tangent plane: 4(x—1)+2(y—-1)=z-3.
* Linear approximation of z=f(x,y)at(a,b).
CEES B ELED

z=f(a,b)+ f,(a,b)(x-a)+ f (a,b)(y —b).
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Example 2 :

z=+/x>+y* at(3,4).Find 2(3.01,3.99).

Solution :

—_

L) = (¢ +y 70 = £G4

1

5 (C+y? )2y = 1,64 =

f,(xy)=

| & | W

5

=7=5 +%(0.01) +%(—0.01) =4.998 ~ \/(3.01)2 +(3.99)°
* Differentiable of fat (a,b ) :
Definition :
If Az=f(a+Ax,b+Ay)— f(a,b)
= f,(a,b)Ax+ f,(a,b)Ay + &, AX + &,Ay,.

ExS
then, &,,&, = 0as (AX,Ay) = (0,0) (*> m =¥ &)

Example 3 :
Xy
, (X, ) =0
fooy) =9 +y? 9
0 ,(%,y)=0
Solution :

f.(0,0)=1,(0,0)=0
Tangent plane through (0,0):z =0.
But f(x,y)= % whenever X =y # 0.

= f isnot differentiable at (a,b).



Theorem :
f is differentiable at (@, b ) provided that
(i). fx fyexistnear (a,b).

(ii). fy, fy continuous at (a, b).
Remark : Differentiable = Continuous.

%k Differentiable
Recall :
® 1-D:

n

) SN

dy = Aye) &3t 3% £

v

X X+ Ax
Ay:f(X+AX)—f(X):?I"-‘€%%
~dy = f(x)dx (184K dh AT B A 3R E)
® 2-D:
Z 4 Surface z=f(x,y) (a+Ax,b+Ay,f(a+Ar,b+Ay))

dzl Az
braby| T =T
(a.bf(ab)] v
S(a, b)
Y >
5 AN

(a,b,c) Ay=dy tangent plane

X z—fla,b)= f(a,b)(x—a)+ f (a.b)(y—b)

= fla+Ax,b+Ay)— f(a,b)=F 3% £
—1%#3%%_(7?1%*]1%@4&@ miF R T E)
= f(a,b)dx+ f (a,b)dy
AR Azxdz=f(a.b)+ f,(a,b)dy.
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Example 4 :
z=f(X,y)=x>+3xy—-y>
(i). Find dz.

(ii). Use differentials to estimate f (2.05, 2.96).
Solution :

(1). dz=(2x+3y)dx+(3x-2y)dy

(i1). dz=(2.2+3.3)(0.05)+(3.2—2.3)(—0.04) = 0.65
(4 a=2,b=2= Ax=0.05,Ay =—-0.04).

* 3 Az=1(2.05,2.96) — f (2,3) = 0.6449.

Example 5 :

r=10%0.1
h=25%0.1

Use differentials to estimate the maximum error in the calculated volume of
the cone.

Solution :

Vv :lnrzh
3

v =2 hrdr + L ar2dh
3 3

=207
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