§14.2 Limits and Continuity
x#&': f:DcR* >R
lim f(x,y)=L.

(x,y)—>(a,b)
Definition :
Given ¢ >0,3a0 >0 s.t.

| f (X y) - L|< & wherever 0<+J(x—a) +(y-b) <&
and (x, y)e D.

Recall : lim f(x) = L.
Given ¢ >0,9a6 >0 s.t.
| f(x)—LI<e& whenever 0<|x—a|<§.
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Example 1 :
x2 _ yz
Show that the limit of f(X,y) =—— does not exist.
X*+
Proof :
Key: A3 fei® S&=% o BI7ip s MEP B3 F b
1-m?
Lety=mx = f(x,mx) = 5
1+m
: . 1-m* _ 1-m* 1-m?
lim f(x,mx)= lim = lim =
(x,mx)—>(0,0) cm)-0.01+m2  x01+m? 1+m?

The limit changes as m changes = not exists.



Example 2 :
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f(xy)=

= o lim f(x,y) 2.7 05 &
X4y X+ yR T w00 (x.y) -

2
Let f :%, where g = x3siny, h=x*+y’.
b, il S
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Proof :
2 2 2
x3sinx Xx%sinx x3® sinx
Fy=x =>f(Xxx)= — = =
2X 2X-X 2X X
sin x
D —=—>1as x>0
X
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X3

@ =— 5w as x—>0"
2X

= lim f(xvy)* 3%
(x,y)~(0,0) (y) 3 i i

Example 3 :
x° +y? -
f(x,y)= Mg T ¥)=7
(X, y) Xz N y2 (X‘y)lg?O,O) (X1 y)
Let f = g!
h

h' A=~ BB S,
g —JF3X~-T2X
(% 2 Example 1)

Proof :

X+ (mx)?  x+m? 2

> 5= > = as x —0.
X“+(mx)® 1+m 1+m

Let y=mx = f(x,mx)=

2

The limit changes as m changes. = limit not exist.



Example 4 :

f(xy)=

2

Xy
X'yt

Letf:%, g3 h:mfchs (4%

= &R a0 gug B A3 g 0 ik B P (% 12 Example 2)

Proof :

3 X3

1
=—F=— —o as x>0

Let y=x = f(x,x)=
g (%) x*+xt 2xt 2x

= lim f(xy) 7 & %

(x.)-(0,0)
Example S :
. X +y? _
* f(X,Y)= Pl lim  f(x,y)="?
(x.)-(0,0)

Proof :

FlamAR* 37 50, x+y #0.

B3k X:_y?’ﬁ:?/vu yZIE—’: T ?§(X,Y)«9¥yﬁbﬁsgz>xfk 0.
0+

fO,y)=—25== > as y—>0"
O+y* y
o im Cf(xY) B
Example 6 :



xX*ysiny Xy’
X2+y2 X2+y2 .

f(x.y)=

f:%, h: w5 gt deg(g)>degh)y= » F 53] 0 4 * B
= limts&r 50

@g xy°| >0 as (x,y)—>(0,0)
O RE. T IR
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= O£|f(x,y)|£‘xy3‘
lim |[f(x,y)=0 —(*)

(x,y)—(0,0)

£ Ty oy <[ fxy)
Since (*) ~ —=|f(x,y)| >0~ [f(x,y)| >0 as (xy)—(0,0)

Hence lim )f(x,y):O as (x,y)—>(0,0) mt&T34r 50.

(x,y)—(0,0

x’ysin®y _ x%y* sin’y
X2+y2 X2+y2 y2

f(x,y)= —>0 as (x,y)—(0,0)

in?y
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since 21 Y 51 a5 (x,y) - (0,0).

o lim o f(xy) s et

(x,y)—(0,0)

i X3 +y*
i foy)=rL
X +y
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(ii) f(x,y)=X2+y2
y
X2+y2
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Example 7 :



F(x.y)=

Proof :

Let y=mx= f(x,mx) =

X +y

Xy

2
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x(mx)
X2 + (mx)*

mx?

X2 +m*x*  1+m*x?

= Limit changes as m changes.
= Limit not exist.

Example 8 :
X’y
f(x,y)=
(x,y) 1y
f-9

Bt ingect 3 g deg(g) > deg(¥ - 7 h(x'))

deg(g) < deg(x - 3 h(y*))
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Solution :

L ox=cy?, =>H=%
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f(cy’,y) ==

—m as x—0.
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|Y|S|Y|\ = limit % &2 -
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== = limit # 7 &
c +1
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f(x,y)=
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XA LA RET S BB =P (K ARSI I TREA )
FP
y> _ 1
f(y'y)==—=— —>w as y—>0" limit* % &.
2 2y
lim f(x,y)=7% 5 &
= Mgy T6Y) =7 i B
Example 9 :
: x+y°
(i) f(XY)=— y2
X°+y
X y®
=T 2tz 2
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-- X2 4y
(i) f(xy)= .
X+Yy
A A eSS o limit 7 %
Example 10 :
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