811.8 Power Series

Definition : icn (x—a)' =c, +e,(x—a)+c,(x—a)* +... iscalled a power series
n=0

about a (centered at @) (or in (x - @)).

Question : For what values of x do the corresponding series converge?

AL T a(? ) BT e e
® jzagL jZ(radius of convergence)
® Jzac % ¥ (interval of convergence)

Example 1 :
(x-3)

n

Find the interval of convergence and radius of convergence ofz
n=1

Solution :
Using ratio test, we get
(x _ 3)n+l
) n+1 . dx—ﬂ
lim = lim =|x-3.
n— (x _ 3)" noo p4+1
n

If |x - 3| <1, thatis x e (2,4), the power series converges (absolutely).

® Check end points :

© _1)”
x=2= z(— = convergence.
n=1 n

X=4= zl = divergence.
=n

= interval of convergence:[2,4).
= radius of convergence :r =1.

1 Fo2d A8 R &8: ot ki



Example 2 :

Find the interval of convergence and radius of convergence of

® (_ 1)nx2n

n=1
Solution :
By ratio test

| xZ(n+l) |

2(n+1) | 2
ey

n—>0 x2n

22" (nl)?

2
= Iimx—Z:O‘v’xeR
% 4 +1)

= interval of convergence : (- o0, )
= radius of convergence: r = o

)i

JFls

B R () >> X7

Example 3 :

Find the values of x for which the series > (-1)"

n=1
Solution :

Example 4 :

(x—1)" converges

1
Jn3’

Find the interval of convergence and radius of convergence of Z nlx"

Solution :
By ratio test

= lim(n +1) (not exist Vx € R)

n—x0

= interval of convergence : {0}.
= radius of convergence:r =0.

ki £ s (al>> X" ) s

Example 5 :

n=1

Find the interval of convergence and radius of convergence of
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0 2n(x _1))1

Solution :
By ratio test

=2|x-1| VxeR.

Let2|x-1|<1=|x— 1|<l:xe EE
2 2'2)

® Check end points :

X = E = iu = convergence.

2 n=1
3 &1 .
x=—= > — = divergence.
2 “n
13
= interval of convergence: x € 25
: 1
radius of convergence:r = >
Example 6 :

Find a value of 5 that will make the radius of convergence of power series

00 n_.n

be

equal to 5.
~ Inn
Solution :
b"x"
a, =
Inn
n+l n+l
lim| %21 = fim|2 dnn | =| bx | lim{———| =| bx |
) a, n—>w‘ln(n+1) b"x" el In(n +1)
By the Ratio Test, Let|bx|<1:>—1<bx<l:>_71<x<%
:>'.'r:5.'.b:l.
5
Example 7 :
For which « is the interval of convergence of >’ L 1x” equal to [-11)
S n+
Solution :
o0 na ;
> —x
—n+l
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Example 8 :

If > c,x" converges with x = 4 and diverges when x = 6, then determine
n=1

the convergence of the following series.

Solution :
answers reasons
i. | D, convergence x=1
n=1
i. | Y.c,8" divergence x=8
n=1
iii. | Y.c,(-3) convergence x=-3
n=1
iv. Z(—l)" c,9" divergence x=9
n=1
WL G
f—l_\
| | |
1 >

i BREK

Xt If 4<x|<6,then can't determine whether it is convergent ot divergent.
Example 9 :

The power series > a,(x—2)" and b, (x—3)" both converge at x = 6.
n=1 n=1
Find the largest interval over which both series must converge.
Solution :

Theorem :

For series ) ¢, (x—a)", either one of the following 3 possibilities holds :
n=1

(). r=0: %4 - Bica
(i), r<oco : A :BBAHIEH] T o facd 3
(iii). r=o0 © & - B ICAC
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