811.3 The Integral Test and Estimates of Sums

® \Who : What kind of series can apple the integral test to check its convergence?

aj - (i) essentially positive

(ii) decreasing (11.3-1)
(i) f (x) = a4 is continuous
U

® \What: Zai and faxdx both converges or diverges.
i=1

Example 1 :

. = 1 .
Convergence or divergence? > —- (P -series)
n=1 n

Recall : | X=

convergence, 1 . .
L d { very P> , which implies the following theorem.

xP divergence, p<1
Theorem 1 :
i 1 ] convergence, p>1
< n? | divergence, p<1
Example 2 :
Convergence or divergence? Z PR
o N +1
Solution :
_[ ——dx=tan™ x‘w
1 x“+1 !
T

= —E—z(converge)
4 4

2
= i ! (converge)
~n?+1

Example 3 :

: Inn
Convergence or divergence? » —.
n

n=1

Solution :
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_[ Inde _[udu (u=1Inx).

= dlverges

0

Inn .
= > —— diverges
n

n=1
Example 4 :
If Z( —i} Is convergent where a is a constant, thena = ?
n+2 n+4
Solution :
a=1
Example 5 :
. 2 1
Convergence or divergence? .
) ’ ; n(Inn)P
Solution :
o 1 = du
dx=| — (u=Inx)
J.z X(|nX)p J.z u®
Example 6 :

Convergence or divergence? » b"".

n=1
Solution :
iblnn :i(elnb)ln” _i( Inn)Inb annb
n=1 n=1 n=1

Inb>-1=b>e™ = divergence.
=
Inb < -1=b <e™ = convergence.

Theorem 2 :
Let {a,} satisfy (11.3-1), and letR,=S- S,
Here S=)a;and S, =) a,.
i=1 i=1

Then J'Laxdx <R, < f a,dx

Proof :
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% a,

\
an+l an+2 an+l an+2
n ntl nt2 X ntl  nt2 b3
R,=a,,+a,,+..5 J':O a, dx R,=a,,+a,,+.2 J'wlaxdx
Example 7 :
. ) =1 )
Use Theorem 2 to estimate the sum of the series 2—3 with n = 10.
n=1 n
Solution :
o 1 o 1
jHFdxs S-S, gijdx
= ——<5-§ < N
2017~ 7 20100
1 1
S, +——=<S<S, +
P 201y © 7 200)
S,, #1.197532
=1.201664 < S <1.202532
Example 8 :

Let t, :1+£+...+1—Inn.
2 n

(@ Show that t, >0.

(b) Showthat t, -t ., >0.

(c) Provethat t, <1foralln.
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Solution :

(@)

1 2 3 n-1 n ntl X

d PRES L, >0

(b)
Y4

1 2 3 n-1 n nt+l X

4+ B#In(n +1)—In(n)>ﬁ >0

=>t,-t.,>0

n+l

—t, isa decreasing sequence.
(c)

d (b)tF > t, >t foralln. & t;=1

=1>t, foralln.

s

I



