§11.10 Taylor and Maclaurin Series

Question :
i. How to find a power series representation at a of a function f in general?
ii.  Will such power series representation equal to the function f itself?

* General Method : If f (x) has a power series representation at a, say
f(x)=>c,(x-a)", [x-akR
n=0

()
then c, = m.
n!

Definition :

. . . : = f®(a) K
i. Taylor series of f at x = a is defined to be Z—(x —a)".

k=0
ii. Ifa=0,the corresponding Taylor series is called Maclaurin series.

z“: f®(a)

0 (x—a)* is called the n th-degree Taylor polynomial of f at a.
k=0 .

Remark :
f (x) is not necessarily equal to its Taylor series.

Example 1 :

1
Find the Maclaurin series of f(x)=4& * If x#0.
0 ifx=0.
Solution :
= f'(0)=f"0)=..=T™0)=0
= The Maclaurinseries of f(x) =0, but f(x) # 0 whenever x = 0.

Example 2 :
Let f (x) = &". Find its Maclaurin series.
Solution :
© (n) 0 n
M.S. = Zﬂ "= 2 f 0 (x) =€),

n=0 n! n=0 n!
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Example 3 :
Let f (x) = sin x. Find its Maclaurin series.

Solution :
f'(x) =cosx
f"(x):—sinx i ) 2
f @ (x) —_cosx ~ 2n+1)!
f @ (x)=sinx
Example 4 :
Find the Maclaurin series of f (x) = cos Xx.
Solution :
o (_1\" 2n
M.S. = Z&

n=0 2n!
* Taylor Inequality(G¥ £ & 3*) :
= L FO0)
Let f (X) - Tn (X) = Ry (X), where T, ZZT(X_ a)* s called the
k=0 :

n th-degree Taylor polynomial of f at a.

I |f " (x)| <M for| x-al<d,

n+1

then |R, (x)| < x—a|"" for[x-a|<d.
(n+1)!
Example 5 :
z X"
Prove e* — for any x.
n=0 nl
Solution :
d
R,(X)[< | x|"— 0 as n — oo forany x.
+1)!
* Summary -
0 n 2 n
i exzzx—:l+i+—+ + =+
= n 2 !
) 2n 2 4 6
ii. cosx=Y(-1) X g XX X
n=0 (Zn)l 2' 4I 6'
0 2n+l 3 5 7
i, sinx=Y(-1)" > _x XX X
~ 7 2n+1)! 3 57
iv. InL+x)= Z )y x X_X_2+X_3_X_4+
2 3 4
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% 2 #5412 & binomial (& B > T i(a+b)< keN (E B 5 3R I (a+h)X keR.

Theorem :

= (k
If k e R,| x|<1,then (1+x)* = Z(njx“,

) 6D ).
n n! 0
Remark :

poaw 2V P B 3] 3 i > 2 e Taylor series or power series representation.

i) —— i) ¢ =@ iy spamm.
1-x n!
Example 6 :
1
f(x)=
(x) =
Solution :
1
f(x) =
(0 4—x

:12(—1) x1x3x..x(2n-1) X(_l)nXT
2= 2" xn! 2°"
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Example 7 :

1
Let f(x) = (1+x)2.Find f 0 (0) =2

Solution :
o (1
t0=| 2] GErE®)
n=0 n
v K
=y 1700 (Maclaurin Series)
o k!

=k=10=>n=5

F99(0) _
10

gl N
|
Il
|

= f19(0) = 21810!

Example 8 :

1

Let f(x) = (1+x*)2.Find f © (0) =2
Solution :
1

> 2|

f(x)

0 (k)
$ 170
k!

=0

=~

=k=9=>n=3

: (_ 1}(_3){_5}
f@0) |- 2 2 2 5
- — = 2 =

I | 4
9l 3 3 2
-5
= f © (0) :2—49|
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Example 9 :
9 27 81

3+—+—+—+
21 3 4
Solution :
9 27 81
3+—+—+—+
21 3 4
Example 10 :
1 1 1 1
___+___
21 4 6 8
Solution :
1 1 1 1
———t———+..
21 4 6 8
Example 11 :
I‘“Mdt:?
0 t
Example 12 :

Find the coefficient of x° in the Maclaurin series for f (x) = Jcos (x2 )dx.

Example 13 :

Letg(x) = cos(xz). Find g®(0).

Example 14 :

Find the first three nonzero terms in the Maclaurin series for the function

f (x) = cos™(X).
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