§11.1 Sequences

Definition :
® Asequence is a function whose domain is N. (N is the set of all positive
integers.)

® In notation, we write f (n) = a,.

Question : Convergence or divergence of {a,}

Example 1 :
Convergence or divergence?
. 1 . (7
.| a,=— Conv. v. | @, =NsINn (—j Conv.
n 2n
i, [ a, =(-1) Div. vi. | a,=In(n)=In(n+1) | Conv.
an — n n
. Div. vii. | a, = (1—zj Conv.
n
iv. nz : 5
8, =Cos| —~ | | Div. viii. | a, =+/n*+1-n Conv.
Theorem 1 :

lim f(x)=L,xe R=Ilim f(n) =L, ne N.(The converse is not true!)

Theorem 2 :
lim|a  |=0,thenlima, =0.
n—o N—a0
Theorem 3 :

{rn}L converges iff —1<r <1.
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Example 2 :

. Inn
Convergence or divergence? a, =—.
n
Solution :
1
_Inn . p
lim = lim " =0 (X)
N—o0 n n%oon
1
Inx X
lim—==1limX =0
X—0 X X—)ooX (O)
. Inn
= By Theoreml=lim—=0
Nn—o0 n

AR A A R E

ii. n">>nl>>e" >>n®>>Innwhen n islarge.

Theorem 4 : Let {a,} be monotonic(¥ ) and bounded($ %) = {a, } converges.
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Example 3 :

1
Prove that — 1 exist.
4+ 1
4+—..
4+
Proof :
1 1
Let &, =—,a,,, = .
=% 4+a,

(i). Clearly, a, is monotonic decreasing.

(if). Moreover, a,>0forallne N.

1. a=0.
1 1
> =
4+a, 4+0

2. Suppose a,=>0,then a,, =

N

n

By applying Theorem 4, we see that lima, has a limit, say X.

n—oo

x=lima,,, =lim

n—o n—w 4 + an

That s, x=4i:x=—2i\/§ (.7 & > F5x20)
+ X
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